In this paper we study the well-posedness for a scalar conservation law in which the flux term is non-local in space.
Introduction
We consider the scalar integro-differential equation We are interested in the initial-boundary value problem for (1.1) on the domain R + × R − , with initial condition q(0, x) = q 0 (x) > −1 , x < 0 (1. 4) and no boundary condition at x = 0. This equation arises as a slow erosion limit in a model of granular flow, studied in [1] . In more detail, let h be the height of the moving layer, u the height of the standing layer and p = u x be its slope. Assume that p > 0. The granular flow in one space dimension is described by the following 2 × 2 system of balancing laws (originally proposed in [6] )
As the moving layer becomes very thin, i.e., as h L ∞ → 0, we proved in [1] that the solution for the slope p in (1.5) provides the weak solution of the following scalar integro-differential equation
Here, the new time variable µ(t) = t 0 p(τ, 0)h(τ, 0) dτ accounts for the total mass of granular material being poured from above. Recognizing p = 1 as the equilibrium slope, we introduce q . = p − 1. Writing t for µ, we obtain the equation (1.1) with f (q) =+ 1 that clearly satisfies (1.3).
In this paper we establish the well-posedness result for equation (1.1). In order to define entropy weak solutions, we recall some results in [1] . From Theorem 2 in [1] , for h sufficiently small, we proved that the solution for p of (1.5) satisfies the following bounds for all t ≥ 0, uniformly in h:
This leads to the state of the solutions q = p − 1 for (1.1), on a domain [0, T ] × R − , for a given T > 0. To be precise, let C 0 , p 0 be some positive constants and define D C0,p0 as
Note that for any q ∈ D, the local term f (q) of the flux satisfies Kf > 0, i.e., the characteristic speed of equation (1.1) is positive. Therefore no boundary condition is posed at x = 0.
We now state a natural definition of an entropy weak solution of (1. 
(H2) q is a weak entropy solution of the scalar conservation law
where the coefficient k is defined by
The main result of the paper is the uniqueness and well-posedness of the solution for (1.1), as stated in the following Theorem. Theorem 1.2. Let C 0 , p 0 be given positive constants. Then for any initial data q 0 ∈ D C0,p0 there exists a solution q(t, x) to the initial-boundary value problem (1.1) on x < 0, t ≥ 0 with the following properties:
Moreover, consider two solutions q 0 (t, ·),
Recalling that q = p − 1 = u x − 1, the solution q established by Theorem 1.2 allows us to reconstruct the profile u of the standing layer:
(1.11)
Moreover an equation for u can be deduced as follows. From (1.2) we have
so that equation (1.1) can be rewritten as
By integrating in space, using (1.11) and noticing that
, we arrive at
This is a nonlocal Hamilton-Jacobi equation for the unknown u. An analysis for this type of equation has been carried out in [9] for a different class of functions f , that allows for singularities on the standing profile.
Other problems involving a nonlocal term in the flux have been studied in [5, 3, 4] .
In the rest of the paper we review the proof of Theorem 1.2, whose details can be found in [2] .
2 Local existence and well-posedness for the equation with a given k(t, x)
Towards the proof of Theorem 1.2, we study the equation with a given local coefficient k(t, x)
where k(t, x) satisfies the following assumptions (K):
is Lipschitz continuous, and inf t,x k > 0;
• TV k(t, ·), TV k x (t, ·) are bounded uniformly in time;
The local existence and well-posedness for (2.1) is stated in the following Theorem.
Theorem 2.1. Let k(t, x) satisfy the assumptions (K), and let the two constants C 0 , p 0 be given.
Then there exist a positive time T 1 ≤ T , two positive constants C 1 > C 0 , p 1 < p 0 and an operator P t : D C0,p0 → D C1,p1 , with 0 ≤ t ≤ T 1 such that: 1) for allū 0 ,ū 1 ∈ D C0,p0 one has
2) the function u(t, x) = P t (ū 0 ) is a weak entropy solution of (2.1) with initial data u(0, ·) =ū 0 ∈ D C0,p0 .
Moreover, the solutions of (2.1) depend continuously in L 1 on the coefficient k (see also [7] ). Theorem 2.2. Let k(t, x),k(t, x) satisfy the assumption (K), and assume that the initial data u 0 belongs to D C0,p0 . Let u(t, ·) andũ(t, ·) be the solutions of the conservation laws
respectively, with the same initial data u 0 , for some time interval [0, T ]. Then, the following estimate holds
whereĈ 1 ,Ĉ 2 depend on sup t TV u(t, ·), sup t TVũ(t, ·) and on sup |f |, sup |f | taken over the range of the solutions.
3 Sketch of the proof of Theorem 1.2
The existence of solutions is a consequence of the slow erosion limit, as in [1] . A more direct proof can be obtained through piecewise constant approximation for (1.1). Proper a-priori estimates can be established, yielding the needed compactness, which in turn achieves the existence of solutions. Below we give some formal arguments for smooth solutions, while rigorous analysis can be found in [2] .
(a). Bound on the L 1 norm. Because sign(q) = sign(f (q)), the conservation law (1.1) implies that, for all t ≥ 0, we have
(b). Lower bound on q. Along a characteristic curve t → x(t) we have
Then the solution q is non-decreasing along any characteristics, and therefore inf x q(t, x) ≥ inf q 0 (x) ≥ p 0 − 1 > −1 for all t ≥ 0.
(c). Bounds on f , f , k. As a consequence of (a), (b) we immediately deduce apriori bounds on f (q(t, ·)
and the characteristic speed kf .
(d).
Upper bound on q. The physical meaning of the function f (q) is the amount of erosion per unit length in x. Then the function q/f (q) is a measurement for the change in height per unit erosion. Therefore, the function
would remain constant along characteristics. In fact, we can easily check thaṫ
For any q(0) > 0, for any time t > 0, along the characteristic we have
which is bounded thanks to (a). Recalling the last assumption in (1.3), the function q → q/f (q) is monotone increasing and approaches +∞ as q → +∞. Therefore (3.3) provides an upper bound for q for all t > 0.
(e). BV bound. For smooth solutions, the equation (1.1) gives
Formally, the L 1 norm of q x provides the total variation for q. One has
Then the total variation of q can grow exponentially in t, but remains bounded for finite t.
Finally, to see that the flow generated by equation (1.1) is Lipschitz continuous, we consider two solutions q 0 (t, ·), q 1 (t, ·) of the integrodifferential equation (1.1) with initial data
and satisfying (1.7) for t ∈ [0, T ]. We have the following estimate
for a suitable constant L. By Gronwall lemma, this yields (1.10), hence the Lipschitz continuous dependence of solutions of (1.1) on the initial data. To prove the estimate (3.4), we define the functions k 0 (t, x), k 1 (t, x) as in (1.9), corresponding to q 0 (t, x), q 1 (t, x) respectively. Letq be the solution of q t + (k 0 (t, x) f (q)) x = 0 , with initial dataq(0, x) =q 1 (x) (see Figure 3 .1). Since q 0 andq satisfy the same equation (with coefficient k 0 ), we have
Now we evaluate q(t, ·) − q 1 (t, ·) L 1 (R−) as follows:
where E(τ ) . = lim sup h→0+ q τ (τ + h, ·) −q(τ + h, ·) L 1 h and q τ (t, ·) is the solution, for t ≥ τ , of q t + (k 1 (t, x) f (q)) x = 0 , q(τ, x) =q(τ, x) .
By Theorem 2.1 we get the following estimate for E:
for some suitable constants M , L. By inserting this estimate into (3.6) and using (3.5) one finally obtains (3.4).
